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^ . Abstract 

oo 



In [22], it was proved that as long as the integrand has certain properties, the corresponding 
Ito integral can be written as a (parameterized) Lebesgue integral (or a Bochner integral). In 
this paper, we show that such a question can be answered in a more positive and refined way. To 
do this, we need to characterize the dual of the Banach space of some vector-valued stochastic 
processes having different integrability with respect to the time variable and the probability 
measure. The later can be regarded as a variant of the classical Riesz Representation Theorem, 
,S^ • and therefore it will be useful in studying other problems. Some remarkable consequences 

jrt I are presented as well, including a reasonable definition of exact controllability for stochastic 

differential equations and a condition which implies a Black-Scholes market to be complete. 
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1 Introduction 



Let (r^j-F, F, P) be a complete filtered probability space with F = {J-t}t>Oi on which a one- 
dimensional standard Brownian motion {W{t)}t>o is defined so that F is its natural filtration 
augmented by all the P-null sets. Let H he a Banach space with the norm \ ■ \h and with the dual 
space H* . For any p G [l,oo), let Lj- (Q;H) be the set of all J-y-measurable (-ff -valued) random 
variables ^ : fi — )■ if such that E|,^|^ < oo. Next, for any p,q G [1, oo), put 

LZ{^; L'' {0,T; H)) = I ip : [0,T] x Q ^ H \ ip{-) is F-progressively measurable and 



E(y^ i^itrndty <oo}, 

L'^{0,T;LP{Q;H)) = I ip : [0,T] x Q, ^ H \ ip{-) is F-progressively measurable and 

£ [E\cp{tr^Y'dt<oo]. 

In an obvious way, we may also define (for 1 < p,q < oo) 

Lrin;L'^iO,T;H)), L^([7; L°^(0,T; if)), L^in;L^iO,T;H)), 
L^iO,T;LPin;H)), L^(0,T; L°°(f}; ii)), L^(0,r; L°^(f^; if)). 

It is clear that 

LP{n; LP{0, T; H)) = L^(0, T; VP{n- H)) = L^(0, T-H), l<p< oo. 

Also, by Minkovski's inequality, it holds that 



L^(17; L'?(0, T; H)) C L^(0, T; L^(f]; if)), 
LUO,T;LP{n;H)) C L^^{n; L''{0,T; H)), 



1 < p < q < oo, 
1 < q < p < oo. 



In particular. 



and 



4(0, T; LP{n; H)) C L^(fl; L\0, T; H)), I < p < oo. 

We now introduce two linear operators 

I : 4(f];L^(0,T;ii)) -^ L]r^{n;H) (when if is a Hilbert space), 

I(C(-)) = / mdWit), V C(-) G Llin; L\0, T; H)), 
\ Jo 

L:4(0,r;if)^Li (fi;if). 



(LI) 



:L2) 



:l3) 



(L4) 



:l5) 



L(n(-)) = / n(t)dt, Vn(-) G L^(0,T;fr). 

Jo 

We call I and L the ltd integral operator and the Lebesgue integral operator, respectively. It is clear 

that 



;l6) 



lf4(Jl;L^(0,T;if))j CL^^(17;if), VpG[l,oo) (when if is a Hilbert space), 
]L(^LP{n;L\0,T;H))) CL^^(J7;fr), VpG [l,oo). 



The first inclusion in (1.6) can be refined (when H is a Hilbert space). Indeed, for any ^ G 
Ljr {0,; H) (with p £ [l,oo)), E[,^ | J^t] is an ii'- valued continuous L^-martingale. Hence, by the 
Martingale Representation Theorem ([11]), there is a unique C{') £ Lf{Q,;L'^{0,T;H)) (called the 
Malliavin derivative ([17]) of ^ and sometimes denoted by D.^) such that 



E[^\Tt]=EC+ [ Cis)dWis), VtG[0,r]. 
Jo 



/o 
In particular, by taking t = T in the above, we see that 



( = E^+ I C{s)dW{s). 
Jo 



:i.7) 



(1.8) 



Therefore, in the case that H is a Hilbert space, the first inclusion in (1.6) can be refined to the 
following equality: 



(1.9) 

where "©" stands for a direct sum. Now, for the second inclusion in (1.6), we have the following 
simple result. 

Proposition 1.1. Let H he a Hilhert space and p G [1, oo). Then 



h[LPin;L\0,T;H)) 



L%(n;H) 



I^':p^{^;H), 



(1.10) 



where G -'^t ' stands for the closure of G in Ljr (il; H). 
Proof. For any C G L^^^i^] H), let 

Then .^(•) is an i7-valued L^-martingale. By the martingale representation theorem and the 
Burkholder-Davis-Gundy's inequality, we have 

|Z),Cpds) ' ^ 0, ast^T. 

Now, for any 5 > 0, let 

Mt) = ^^'^ ~ ^h [T-6,T]{t), t G [0,T]. 

Thenu5(-) GL'^{n;L'^{0,T;H))f]L^{0,T;LP{Q;H)) C L'^{n;L^{0,T;H)), and 



E 



/ usit)dt-C^ = E\^{T-5)-C\^ ^0, as 6^0, 
Jo 



proving the proposition. □ 

Remark 1.2. From the proof of Proposition 1.1, it is easy to see that we have proved the 
following stronger result than (1.10): 



L(L^(O;L-(0,r;F)) 



L%in;H) 



E(L^{0,T;LP{n;H)) 



L^^T^^lH) 



L%{n;H). (1.11) 



From Proposition 1.1, it is seen that we do not expect to have a refinement for the Lebesgue 
integral operator L similar to (1.9). Instead, it is very natural for us to pose the following problem: 



Problem (E) Whether the following is true: 



(1.12) 



Note that the above is equivalent to the following: When the range of the operator L : 
L^{Q,; L^{0,T; H)) — )■ Ljr {^; H) is closed. An interesting problem closely related to the above, 
taking into account (1.9), reads as follows. 

Problem (R) Under what additional conditions on ^(•) G Lf{Q,;L'^{0,T;H)), there will be a 
u{-) G Lf{Q,;L^{0,T;H)) such that the following holds 



C{t)dWit) = I u{t)dt 



a.s. 



(1.13) 



tor. 



For convenience, any n(-) G Lp(i7; L^(0,T; i/)) satisfying (1.13) is called a representor of (,{•). 
Since the ltd integral in the usual sense can only be defined on Hilbert spaces, we pose Problem 
(R) for the case that H \s a, Hilbert space. It is clear that when u(-) is a representor of ("(•) so 

r 

is u{-) + v{-) as long as / v{t)dt = 0, almost surely. Therefore, if C,{-) admits one representc 

Jo 
it admits infinitely many representors. Problem (R) with H = M. was posed and studied in [22]. 

Various integrability conditions were imposed on (,{■) so that it admits a representor. Let us 

now briefiy recall several relevant results from [22], which will give us some feelings about the 

representation (1.13). To this end, we define 



1 — a 



Un[S] = 



m 



—dW{t), se[0,T), 



{T-srJo (T-t) 

for a G [0, 1). The following is a summary of the relevant results presented in [22]. 
Theorem 1.3. (i) Let p > 1. For any C(-) G Ll{Q;L'^{0,T;] 



M-) 



m 



dWit)G\jLPin;L\0,T-e; 



e>0 



and (1.13) holds with u{-) = uq{-) in the following sense: 



limE 



T-e 



(ii) Supposed-) G Ll{0,T; L'^{n; 



uo{t)dt- / C{t)dW{t) 
Jo 



such that 
' E|C(t)|2 



0. 



Then 



M-) 



(T-t) 

m 

T-t 



dt 



ds < oo. 



dW{t) g4(0,T;: 



(1.14) 



(1.15) 



(1.16) 



(1.17) 
(1.18) 



and (1.13) holds with u{-) = uo{-). 

(iii) Suppose C(-) G Lp(0, T;M) such that for some 5 > the following holds: 



Then 



and 



Un 



iT-tY''<^- ^'-''^ 

GLi(f];L'?(0,r;IR)), V a G (i^^, i) f|[0, 1], ge[l, 2-min(M) )^ (1-20) 



n„(-)G4(0,r;E), V a G (1 - f - i, i) f|[0, 1], g G [1, ^-miW) )- (^'^l) 

Moreover, (1.13) holds with u{-) = Ua{-). 

(iv) Suppose ({•) G L^(0,T;M) for some p > 2. Then 

n,(-)G4(f];L'?(0,T;M)), V a G (i, i + J) f|[0, 1], gG[l,^). (1.22) 

Moreover, (1.13) holds with u{-) = ««(•). 

The above shows that there are many (^(•) G L^(r2; L^(0,T;]R)) such that one can find a corre- 
sponding representor u{-). 

Note that although Problem (R) is posed for the case if is a Hilbert space, Problem (E) can 
be posed for general Banach space since Ito's integral is not involved here. The main purpose 
of this paper is to give a positive answer to Problem (E) when ii is a Banach space with H* 
having the Radon-Nikodym property. Our result seems to be a little surprising in some sense, and 
it refines the results of [22] on Problem (R). More precisely, when the answer to Problem (E) is 
positive, any ({■) G L^{Q,;L'^{0,T;H)) (when H is a Hilbert space) admits a representor u(-) G 
Lp(il; L^(0, T; ff)), without assuming further integrability conditions on ("(•). This means that an 
Ito's integral on a given (fixed) interval can be represented by a (parameterized) Bochner integral 
on that interval. We should emphasize here that any representor u{-) of ("(•) G Lp($7; L^(0,T; i7)) 
depends on T, in general. In another word, it will be more proper to write 

T f-T 

Q{t)dW{t)= j u{t,T)dt, a.s. (1.23) 

Jo 

Hence, by allowing the upper limit to change, we should have 

ps ps 

/ Q{t)dW{t)= I u{t,s)dt, VsG[0,r], a.s. (1.24) 

Jo Jo 

According to Theorem 1.3, when ({■) satisfies certain (better) integrability conditions, we can find 
a representor of the following form: 

1 _ Q, ft r(r) 

<'^ «) = J^-ty^ I J^Z^dWir), 0<t<s<T, (1.25) 

for some a G [0, 1). Clearly, such an s i— )■ u{t, s) is smooth in s G (t, T]. Therefore it is natural to 
further ask the following question, without assuming the better integrability conditions on (^(•). 

Problem (C) For any ("(•) G Lp(il; L^(0,T; //)), whether it has a representor u{t,s) which is 
continuous with respect to the variable s? 



We will also show that the answer to Problem (C) is positive. Note that, since the Ito integral 

SI—)-/ C{t)dW{t) is at most Holder continuous up to order ^j generally, one cannot expect that the 

Jo 
differentiability of s i— )■ u{t, s) (given in (1.24)). Nevertheless, it is natural to expect that s i— )■ u{t, s) 

is Holder continuous up to order g- But, we do not have a proof for this yet. 

Remark 1.4. The fact that u(-) in (1.23) depends on T tells us that, the positive answer 
to Problem (E) does not mean that Ito integrals can be completely replaced by (parameterized) 
Bochner integrals. 

The rest of this paper is organized as follows. In Section 2, as a preliminary result, we establish 
a Riesz-type Representation Theorem for the dual of the Banach space LFj^{Xi; L'^ {X2; H)) (see 
Subsection 2.1 for its definition). An interesting byproduct in this section is the characterization 
on the dual of L^(0; L''(0,T; i?)) and L^(0, T; LP(0; i/)), which will be useful in some problems 
appeared in stochastic distributed parameter control systems and/or stochastic partial differential 
equations. Section 3 is addressed to giving answers to Problems (E) and (R). Section 4 is devoted to 
answering Problem (C), for which the key tool we employ is the continuous selection theorem in [15]. 
In Section 5, we present two remarkable consequences of our positive solution to Problem (E), one 
of which is related to the reasonable formulation of exact controllability for stochastic differential 
equations, and the other a condition to guarantee a Black-Scholes market to be complete. 

2 The Dual of L^(Xi; L%X2, H)) 

As a key preliminary to answer Problem (E), we need to characterize the dual of Lf{^; L'^{0, T; H)) 
and L|(0, T; LP(^; H)). We will go a little further by considering the dual of L^j^{Xi;Li{X2;H)), 
which will be be defined below. It seems to us that this result has its own interest. 

2.1 Statement of the result 

Let (Xi,7Wi,/ii) and {X2,Ai2, l-i'2) be two finite measure spaces. Let Ai be a sub-cr-field oi A4i(i^M.2 
(the a- field generated by A^i x A^2)5 and for any 1 < p, g < 00, let 



Uj^{Xi; L'' {X2; H)) = < If : Xi X X2 ^ H \ ip{-) is A^-measurable and 

p 

/ ( / |v9(xi,X2)|^d/i2 j d/il<Oo|. 

Likewise, let 

L'^{Xi; L'^ {X2; H)) = lip : Xi X X2 ^ H \ f{-) is 7W-measurable and 

1 

esssup ( / \ip{xi,X2)\%dfi2] <ooi, 
2^1 eXi \Jx2 J ' 

L^(Xi;L°°(X2;-ff)) = [ip : X^x X2^ ll\ (/?(•) is A^-measurable and 

/ ( esssup |(/3(a;i, X2)|^ ) (i^i < 00 [, 
JXx \x2eX2 / -" 



We denote 



LX^{Xi;L°°{X2; H)) = \ip : Xi x X2 ^ H \ c^(-) is 7W-measurable and 

esssup \(p{xi,X2)\h < oo>. 



LliiXi X X2;H) = L%{Xi;LP{X2;H)), 1 < p < 00. 



Also, for any / G L^{Xi; L'^ {X2; H)) {I < p,q < 00), we denote 



P,q,H = \\J\\Ll.{Xi;Li{X2;H)) 



\fixi,X2)\Hdfi2] dfl 



' Xi \J X2 

The definition of \\f\\oo,q,H, ||/||p,oo,H and ||/||oo,oo,H are obvious. Let 

\p,H = \\f\\p,p,H , 1 <p< 00. 



(2.1) 



(2.2) 



The definition of L\^{X2] U' {Xi; H)) (1 < p,q < 00) is similar. By Holder's inequality and 
Minkovski's inequality, we have the following inclusions: 

L%{Xr,L'i{X2;H))CLl^{Xr,L'{X2;H)), l<r<p<^, l<s<g<oo, (2-3) 



and (comparing with (1.2)-(1.3)), 

L%{Xr,L'^{X2;H))<ZLl,{X2;LP{Xr,H)), l<p<q<oo, 
L%{Xr,L''{X2;H)) D Ll,{X2;LP{Xr,H)), l<q<p<oo. 

Next, for any p G [1, 00], denote 



(2.4) 



p 



p 



1, 



1 < p < 00, 



(^ 00, p = l. 

The definition of q' G [l,oo] for q G [l,oo] is similar. We have the following result. 

Lemma 2.1. Let H be a Banach space, {Xi,A4i,iJ,i) and {X2,M2,I^2) be two Enite measure 
spaces, M. he a sub-a-field of Aii 0M.2, smd let 1 < p,q < 00. Then, H* has the Radon-Nikodym 
property with respect to {Xi x X2,A4,fJ-i x 112) if and only if for any F G L^{Xi; L^ {X2; H))* , 
there exists a unique g G Vj^{Xi; L'^ {X2; H*)) such that 



F{f)= f {f{xi,X2),g{xi,X2))H,H*dfiidfi2, yfeL%{Xr,L^{X2;H)), (2. 

JXi xXo 



and 



I^IIl^(Xi;L9{X2;//))* " \\9\\p',q',H* 



5) 



(2.6) 



Due to the above result, we make the following identification (for the case that H* has the 
Radon-Nikodym property with respect to {Xi x X2, A^,^i x ^2)): 



LUXi;L'^iX2;H)r = LUXr,L'''{X2;H*)), l<p,q<oo. 



(2.7) 



The above is a Riesz-type Representation Theorem for the dual of space L^{Xi; L'^{X2; H)). It 
seems to us that Lemma 2.1 should be a known result but we have not found an exact reference. 
Therefore, for reader's convenience, we provide a detailed proof in the next three subsections. As a 



corollary of Lemma 2.1, we will characterize the dual of LZ{Q; L'^{0, T; H)) and Lt^O, T; L^{VL] H)) 



in the last subsection. 

The main idea for the proof of Lemma 2.1 is similar to that of the relevant result in [4, Appendix 
B, pp. 375-376] (see also [7, Theorem 1, Chapter IV, pp. 98-99]). However, Lemma 2.1 does not 
follow from the main result in [4, Appendix B] because the later considered only the special case 
that p = q and H = M, for which, by Fubini's Theorem, one can reduce the problem to the case 
with one measure on the product space. Also, Lemma 2.1 does not seem to be a corollary of [7, 
Theorem 1, Chapter IV, pp. 98-99] because of the very fact that our Ai is an "interconnecting" 
sub-cj- field of the a- field generated by A^i x M2- 

2.2 Proof of the necessity in Lemma 2.1 for the case i/ = IR 

As a key step to prove Lemma 2.1, in this subsection we show first the "only if part of this lemma 
for the special case H = M.. 

For any g G L^(Xi; L«'(X2;M)), define Fg : L^(Xi; L'?(X2;R)) ^ M by 



Fg{f)= f{xi,X2)g{xi,X2)dfiidfi2, V / G L^^ (Xi ; L" (X2 ; 

JX1XX2 

By the linearity of the integral, g >-^ Fg is a linear map. It follows from Holder's inequality that 

\Fg{f)\ < \\f\\p,gM\9\\p',g',R, V/ G L%{Xi;L''{X2;R)). 

Hence Fg G L^(Xi; L9(X2;]R))* and 

II^sIIlP^(Xi;L9(X2;M))* ^ llffllp'.q'.M- (2.8) 

Therefore, g >-^ Fg is a linear non-expanding map. Now, we show that this map is surjective and is 
an isometry. 

To show the surjectivity of 5 i— )■ Fg, take any F G L^(Xi; L^(X2; M))*. Since for any A G A4, 
I A G L^(A:i;L9(X2;M)), we may define 

u{A) = F{Ia), yAeM. 

Then zv is a totally finite signed measure on (Xi x X2,M), and u <Si ;Ui x /i2- By the Radon-Nikodym 
Theorem, there is an A4-measurable map g G L^{Xi x X2;M) such that 



i^{A) = / gdfiidfi2, VAgTW, 
Ja 



I.e., 

F{Ia) = / glAdfiidfi2, \/ A€M. 

JX1XX2 

Consequently, for any A^-measurable simple functions /, 

F{f) = fixi,X2)gixi,X2)dfXidfi2- 

JX1XX2 



Select a sequence {An}'^^i C ^A such that 

AnCAn+i, n = l,2,---, (^1x^2) ((^ixX2)\ Q A„) =0, (2.9) 

and g is bounded on each An- For any n > 1, note that 



n=l 



/l-^ / f{xi,X2)g{xi,X2)lA„ixi,X2)dfiidfi2 

JX1XX2 

is a bounded hnear functional on L^(Xi; L'^(X2;M)) which agrees with F on all TW-measurable 
simple functions which vanishes off An. It follows that 



HflAj = I fglA„dfiidfi2, V / G L%{Xr,L''{X2;R)). 

JX1XX2 

Since glA„ is bounded, one has glAn G ^^.{Xi; L"? (X2; M)). We claim that g £ L^{Xi; L'^ (X 



(2.10) 



and 

\\9\\p',q';R < II^IIl^{Xi;L9{X2;I 

To show this, we distinguish four cases. 
Case 1: p,q£ (l,oo). Choose 



f={ 



1x2 



^-1 

9 



g\'^ {sgng)lA„ 



0, 



if / br /a„^^2 / 0, 

if / Igl"' lA„dfi2 = 0, 
JX2 



where 



Xi \J X2 



\9V lAr,dn2 dill 



Then 



P.9 



Jxi 


if 

\JX2 


l/r^/i 


2 


d^i 



Xl 



X2 



lal" iA^dfi2 



a < 



Xi 



X2 



\g\'^ lA^dfi-. 



^-19 



|5|('''-^)^/A„dA^2 



dfii 



X2 



&-i P 



bl" ^A„C?^2 



X2 



dm 



Xi \J X2 



9r lA„dfi2 dfii} = 1. 



(2.11) 



Taking the above / in (2.10), we find that 



-^(/) = / / f9lAr,dn2dni = a 



X2 \J X2 



^-1 

q' , 

\9V lA„d^l2 ] Iffl^ lA„dii2 



dill 



a I 1 / \9flA„dn2 ]" dfii 



X\ \J X2 



\9V lA„dn2 dfii 



= \\9lAj\p',q';R, 

which gives 

\\9lAj\p',q';R < \\F'\\lP^{Xi;Li{X2;R))* ■ 

Letting n — t- 00, by making use of Fatou's Lemma, one concludes (2.11). 

Case 2: p = 1, 1 < q < 00. In this case, we first take p € (l,oo), and take / as in Case 1. 



Then 



1,9 = / [I l/l^^^2 ) dfli < 
Xi \JX2 



JXi \J X2 



l/l'?d^2 dfii ~' fiiiXiy = ^^{x^y 



Consequently, 

1 

lb-fA„||p',g';R = F{f) < ||-F||l^(Xi;L9(X2;R))*II/IIi,'2 ^ II-^IIl^(Xi;L'?(X2;M))*A'1 (-'^l)^ • 

Letting n — t- 00 and then letting p — )■ 1 (which means p' — )■ 00), we obtain 

||5'l|oo,g';R < II-^IIl1^^(Xi;L9(X2;M))* ' (2-12) 

which is (2.11) for the case p = 1. 

Case 3: 1 < p < oo, q = I. In this case, we first take q G (l,oo), and take / as in Case 1. 
Then 



p,l;I 



Xi \J X2 



\f\dfi2 dfi 



< 



Xi \J X2 



\f\'dfi2] dfi 



fi2iX2W = ^2(^2) 



Hence, 



\\9lAj\p',q';K = F{f) < ||i^||LP^(Xi;Ll(X2;K))*ll/llp,l;IR < II-^IIl^{Xi;L1{X2;R))*M2(-'^i)^ 

Letting n — )■ 00 and then letting (7 — )■ 1 (which means q' — t- 00), we obtain 

Ibllp'.oo^ < I|-^IIlP^(Xi;L1(^2;M))*' (2-13) 

which is the case of (2.11) for q = 1- 

Case 4: p = q = 1. In this case, we still first let p,q & (l,oo), and take / as in Case 1 with 
q = r. Then 

1,1 = / / \f\dfi2dfii 

JXi JX2 



< 



Xi \J X2 



|/rd^2 dfii 



fil{Xi)V fl2{X2)7 = fliiXiy fl2{X2 

10 



Consequently, 



\\glAjp',q'-R = F{f) < ||-F||l1^(Xi;L1(X2;M))*II/IIi,1 ^ II^IIli^{Xi;L1(X2;R))*Mi(^i) ^^^2(^1)^ ■ 
Letting n — )■ 00 and then letting p,q ^ 1 (which means p' ,q' — )■ 00), we obtain 

IIS'lloo^ < \\P\\l]^{Xv,L^X2;M.))*' i'^-'^^) 

which is the case of (2.11) for p,q = 1. 

Finally, (2.8) means that Fg £ (L^(Xi; L''(X2;M)))* and since F and Fg coincides on a dense 
subset of L^(Xi;L'?(X2;M)), one has F = Fg. Also, (2.6) follows easily from (2.8) and (2.11). 

2.3 Proof of the necessity in Lemma 2.1 for the general case 

We are now in a position to prove the "only if part of Lemma 2.1 for the general case. The proof 
is divided into two steps. 

Step 1. We show that LK^(Xi; L'^ {X2;H*)) is isometrically isomorphic to a subspace Ti of 
L%{Xi;L'^{X2;H)r. 

For any given g G L^(Xi;L^ {X2;H*)), define a linear functional Fg on LFj^{Xi; L'^ {X2; H)) 
as follows: 

Fg{f)= [ {f{xl,X2),g{x,,X2))H,H*d^ild^l2, yfeL%{Xi;L'^{X2;H)). (2.15) 

JX1XX2 

Then, by means of the Holder inequality and similar to (2.8), we conclude that Fg belongs to 
LP^iXr, LI {X2;H)r, and 

\\Fg\\Ll^(X^;Li{X2;H))* < WdWp'q' ,H* ■ (2.16) 

Therefore the norm of Fg is not greater than ||(7||p'<j',H*- Define 

n^{Fg\geL'i,{Xr,L'^'{X2;H*))}. 

It remains to prove the reverse of inequality (2.16). Clearly, without loss of generality, we may 
assume that g ^ 0. 

oo 

Suppose first that g = y^h*lEi where h* is a sequence in H* and {Ei}'^^ is a countable 

partition of Xi x X2 by members of M with (/ii x p2){Ei) > for all i. Since we have shown 
that L^(Xi;L9(X2;M))* = L^(Xi; L9'(X2;M)) (in Subsection 2.2) and noting that < \g\H* G 
L^{Xi; L'^ (X2;M)), for any e > 0, there exists a nonnegative function ip £ L^ (Xi ; L'' (X2 ; 
such that 



< \m\p,q < 1, \\g\\p'q',H* - £ < / \g\H-Vdpidp2- 

JX1XX2 
Further, choose hi € H with \hi\H = 1 such that 

\h*\H*-Tr4^<h*{h^), 

and define 

00 

f = Y,vhilE, ^ Ll,{Xv,L'^{X2;H)). 

i=l 
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oo 



Then we have that ll/llp,^,,^ = llv^Hp.ij < 1, and we have that 

/ {f{xi,X2),g{xi,X2))H,H*dflidfi2= (fy2{hi,h*)H,H*XE,dfiidfl2 

JXiXX2 JXlXX2 j^i 

„ oo 

- / ^^5^ (l^«*l'«'* ~ TTli — )xE,dfiidfi2 

> / \g\H*(pdfiidfi2 - TT-r, — / ipdfiidfi2 > \\g\\p',q',H* - 2e. 

JXixX2 W\\l,l JXixXi 

This gives 

\\Fg\\Ll^{XuLi{X2;H))* > \\9\\p'q',H*, 
and therefore 

\\^9\\lI^{Xv,Li{X2;H))* = \\9\\p'q',H*, 

whenever g G L^{Xi; L^ {X2]H*)) is countably valued. 

For the general case, we choose a sequence {gn\'^=i C L^(Xi;L'^ {X2;H*)) such that each gn 
is countably valued and 

lim \\gn - g\\p',q\H* = 0. (2.17) 

n— >cx) 

We have obtained that 

\\Fgn\\L^j^(Xr,Li(X2\H)Y = \\gn\\p\q' ,H' , 

and by virtue of (2.16), 

ll^Sn - Pg\\L^j^(Xr,Li(X2;H)Y = \\Fgn-g\\L^j^{Xr,Li{X2;H)Y < hn - g\\p' ,q> ,H* ■ 

Therefore, noting (2.17), we end up with 

\\Fg\\L^j^{XrM{X2;H)Y = J™^ ll^9nllL^{Xi;L9{X2;/f))* = J™^ ll^nllpV,//* = \\g\\p'q',H*- 

Hence we get that Lj^{Xi;L'^ {X2;H*)) is isometrically isomorphic to T-l. 
Step 2. We show that the subspace Ti is equal to L^{Xi; L'i{X2; H))*. 
To this end, for F € L^j^{Xi; L'^ {X2; H))* , we define 

G{E){h) = F{hlE), y E eM, heH. (2.18) 

By 

\F{hlE)\ < \\F\\Ll^(Xi;LiiX2;H)Y\\hlE\\p,q,H < I|-^IIl^{Xi;L9(X2;H))* l^kll-^sUp,?, 

we see that G : Ai ^ H* and it is countably additive. Let Ei,- ■ ■ , En {n G N) be a partition of 
Xi X X2 by members of M with (^1 x /i2)(-E'i) > for aU 1 < i < n. Then G{Ei) G H*. Define 

G]^^{h) = ReG{E){h), G\.{h) =linG{E){h), \fheH. 

Clearly, \G{Ei)\f{* < ICrI//* + \G'ij]H*- Noting that both G\,, and G"^, are real functionals, we 
see that, for any e > 0, one can find h^ and hf in the closed unit ball of H such that 

IG'e^H' - i < ReG(i?,)(/iJ), \G%\h* -^< lu,G{Ei){hi). 
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It follows that 

n n n 

J2 \G{E,)\h* _ e < Re ^ G{Ei){hj) + Im J2G{Ei){hl 

1=1 1=1 

n n 

i=l 1=1 

(n 
i=l 
n 

< 2||F||L^(Xi;L9(X2;/f))- X]^^' 



i=l 1=1 1=1 



4 = 1 J = l 

n 



P,Q,Ii , 



i=l 



IP:9 



Hence |G(Xi x X2)\h* < oo and G is a (^i x /U2)-continuous vector-valued measure of bounded 
variation. Since H* has the Radon-Nikodym property with respect to {Xi x X2,Ai,fii x //2), there 
exists a Bochner integrable g : Xi x X2 — s- i:/^* such that 

G{E) = f gdiiidij.2, V E e M. (2.19) 

Je 

Clearly, if / G L\^{Xi; L'^{X2] H)) is a simple function, then 

E{f) = / {fixi,X2),g{xi,X2))H,H*dfiidfi2- 

JX1XX2 

00 
Select an expanding sequence {-E^njJ^i in -A^ such that I J En = Xi x X2 and such that g is 

n=l 

bounded on each £"„. Fixing arbitrarily an no G N and noting that / {•,g{xi,X2))H,H*diJ,idfi2 

is a bounded linear functional on L^{Xi; L'^{X2; H)) which agrees with F on all simple functions 
supported on £"«„, it follows that 

F{flEj= I {f{xuX2),g{xi,X2)lEjH,H-*dfi,dfi2, V / G L^ (Xi; L«(X2; i/)). (2.20) 

J X1XX2 

Further, since glE„g is bounded, one has (7/_b„„ G E^{Xi; L'' {X2;H*)) and 

\\glE„Jp',g',H" < \\E\\lP^(^Xi;Li(X2;H))*- (2-21) 

Since inequality (2.21) holds for each no, by the Monotone Convergence Theorem, we conclude that 

geLPji,iXi;L'^'iX2;H*)). 

Finally, for any / G L^j^{Xi;L''{X2;H)), it follows from (2.20) that 

F{f)= lim / {f{xi,X2),g{xi,X2)lEjH,H*dnid^i2 

{f{xi,X2),g{xi,X2))H,H*dflldH2 = Fg{f). 



'X1XX2 

This means that F = Eg. Hence L^^iXi; L" {X2; H))* coincides with L^(Xi; L9'(X2; F*)). 
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2.4 Proof of the sufficiency in Lemma 2.1 

In order to complete the proof of Lemma 2.1, it remains to prove its "if part, which is the main 
concern in this subsection. 

Let G : A^ — 7- H* be a (/Ui x /i2)-continuous vector measure of bounded variation. We want to 
show that there exists age L\^{Xi;L^{X2; H*)) such that 



G{E) = j gdfiidfj,2, ^E G M. (2.22) 

Je 



Firstly, we show that ii Eq £ Ai has a positive (/ii x /i2)-measure, then G has a Bochner integrable 
Radon-Nikodym derivative on an A^-measurable set B satisfying B C Eq and (//i x //2)(-B) > 0. 

Denote by |G| the variation of G, which is a scalar measure (see [7, Definition 4 and Proposition 
9 of Chapter 1, pp. 2-3]). It is easy to see that |G| is a (/ii x /i2)-continuous M^-valued measure. 
Applying the Radon-Nikodym Theorem (to |G| and /ii x fj,2), one can find an A4-measurable subset 
B of Eq and a positive integer k such that jGK^) < k{^i x /U2)(^) for all A £ M with A C B. 
Define a linear functional i on the subspace S of simple functions in L^{Xi, L^ {X2, H)) as follows: 

n 

i{f) = Y.G{E,nB){x^), 
1=1 

where 

n 
/ = ^ XilE,, Xi£ H, l<i<n, 

j=i 

with {Ei, 1 < i < n} being a partition of Xi x X2. It follows that 

m)\ = \J2GiE.^B){x,) =|^^i^L^^I^((^^x^2)(i^.ni?)x, 

n 
<2_^k\{fli X fl2){Ei n B)xi\ < /c||/||l1(X,xX2;//) < kni{Xi)p ^i2{X2)1\\f\\Lr^(^Xl■,L1{X2■,H))■ 
Therefore ^ is a bounded linear functional on S. By the Hahn-Banach Theorem, it has a bounded 
linear extension to L-j^{Xi, L'' (X2, H)) (The extension is still denoted by i). Hence there exists a 
g G L^(Xi,L«'(X2,i7*)) such that 



m 



f {f,9)H,H*dfiidfi2 yf€L%{Xi,L'^{X2,H)). 

JX1XX2 



We have 



G{E n B){x) = e{xlE) = I {x,g)H,H*dnidn2, ^x e H, E e M. 

Je 

Since g G L^{Xi,L'^ {X2,H*)) is Bochner integrable, we see that 

G{E nB){x) = ( f gdfiidn2) (x), Vx £ H, E £ M. 

Consequently, 

G{E r\ B) = gdiiidii2, M E £ M. (2.23) 

JE 
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Noting that B G M, and therefore replacing E in (2.23) hy E D B, we see that 

G{EnB)= [ gdfiidn2, ^ E e M. 
JEnB 

Now by the Exhaustion Lemma ([7, page 70]), there exist a sequence {^„}^i of disjoint 

oo 

members of A^ such that I J An = Xi x X2 and a sequence {gn}'^=i of Bochner integrable functions 

n=l 

on Xi X X2 such that 

G{E n An) = / gndfiidn2, \/E £ M, n G N. 

Define g : Xi x X2 — )■ i?^* by 5(2^1, X2) = gnixi,X2) if (xi,a:2) G An- It is obvious that g is 
{Hi X ;U2)-nieasurable. Moreover, for each E £ Ai and all m G N, it holds 



m .. 

'^(^n ( U ^«)) = / 9lu^=^A„dfiidfi2. 

n=l -^^ 



Consequently, 

G{E) = lim / glu';^ A„dfiidn2, V^ G M. 

For h G i:?**, the variation 

\G{h)\{Xi X X2) > lim / \{h,g)H**,H*\Iu"^.Ar.dfiidfi2- 

"<-'^°° J X1XX2 

Hence by the Monotone Convergence Theorem, {h,'g)H**,H* £ L^{Xi; L^(X2;M)) for each h G iif**. 
If -B G A^ and h G i:/^** , from the Dominate Convergence Theorem, we have 

{h,G{E))H**,H* = lim / {h,g)H",H*Iu'^_,A„dnidfj,2 

= / {h,g)H",H*dixidiX2- 

Therefore Ij is Pettis integrable and its Pettis integration P- / gdfiidfi2 = G{E) for each 

JX1XX2 

EeM. Since |G|(Xi XX2) is finite, / \g\H*Iu"^^,A„dfiidn2 < \G\iX1xX2) for all m G N. By 

JXiXX2 

the Monotone Convergence Theorem, \g\H* G -^^(-^ij -^^(-^2;IK))- Hence 5^ is Bochner integrable. 
Since the Pettis and Bochner integrals coincide whenever they coexist, we obtain (2.22), proving 
the Radon-Nikodym property of H* with respect to (Xi x X2, A4,/ii x /i2)- 

2.5 A corollary of Lemma 2.1 

We now look an interesting corollary of Lemma 2.1. We first state the following. 
Lemma 2.2. Let 

M = lAe B[0, T] (g) J't I 1 1-> lA{t, •) is ¥ -progressively measurable |. (2.24) 
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Then Ai is a sub-a-Eeld of B[0,T] (^ Tt- Moreover, a process cp : [0, T] x Q ^ H is ¥-progressively 
measurable if and only if it is Ai-measurable. 

Remark 2.3. It is easy to see that the same conclusion in Lemma 2.2 holds for any given 
filtration F (i.e., it is not necessarily the natural filtration generated by the Brownian motion 
{W{t)}t>o), and also if one replaces the F-progressive measurability by any other measurability 
requirement, for examples, adapted, optional or predictable, etc. 

According to Lemmas 2.1 and 2.2, we have the following interesting corollary, whose proof is 
straightforward. 

Corollary 2.4. Let < s < T and H* have the Radon-Nikodym property with respect to 
([0, T] X Q,Ai,m x¥) (where m is the Lebesgue measure). Then the following identities hold: 

L^^in;LHO,s;H)r = Liin;L'^'iO,s;H*)), i<p^^<^. (2.25) 

LliO,s;LPin;H)r=4{0,s;LP'in;H*)). 

The above is a Riesz-type Representation Theorem for the dual of spaces L^{^; L''{0, s; H)) and 
-Lp(0, s; L'^{Q; H)), which will be very useful below. 

We refer to [14] for an application of Corollary 2.4 in the study of null controllability of forward 
stochastic heat equations with one control. We will give more application of this result in our 
forthcoming papers; 

3 Answers to Problems (E) and (R) 

In this section, we return to our complete filtered probability space (17, J-", F,P) and give answers 
to Problems (E) and (R). 

For any p G [1, 00) and < s < T, define an operator L^ : Lp(r2; L^{0, s; H)) — )■ L^ (Q; H) by 

L,(u(-)) = / u{t)dt, \/u{-) G L^(Jl;L^(0,s;if)). 
Jo 

Concerning Problem (E), noting that Lp(0, s; U'{Q.] H)) C L^{VL; -L^(0, s; H)), we give the following 
positive answer (which is a little stronger than the desired (1.12)): 

Theorem 3.1. If H* has the Radon-Nikodym property, then 

L,(4(0,s;LP(17;i7))) =L^^(f7;i^). (3.1) 

Moreover, for each (/){■, s) £ iF-p {Q.; H), there is a <;{•, s) G -^^(0, s; L^{Q; H)) such that 

{ (3-2) 

[ lk(')'5)llLl(0,s;LP(n;//)) ^ WH'j s)\\mO,s;LP{n;H))- 

(In general, the above <;(■, s) is NOT unique.) 

The result in Theorem 3.1 turns out to be sharp for p G (1, 00). Indeed, we have the following 
result of negative nature. 
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Theorem 3.2. For any p G (1, oo) and any r G (1, co], it holds that 

I.s(LUO,s;LPin;H))) CL^^(f];i7). (3.3) 



Remark 3.3. 1) In [6, VI, 68, pp. 130-131] and [8], some Radon-Nikodym type theorems were 
estabhshed for real-valued or vector-valued processes with finite variation. However, it seems that 
none of these results could be applied to prove Theorem 3.1. 

2) Thanks to Remark 2.3, the conclusion in Theorem 3.1 holds for any given filtration F; and 
one may replace the F-progressive measurability by any other measurability requirement. 

3) We believe that (3.1) is sharp in the sense that, for any r G (1, oo] and any p G [1, oo], 

hs(Uf{0,s;LP{n;H))) C L^ {n;H), 

) i (3.4) 

Theorem 3.2 shows that the first conclusion in (3.4) is true for p G (1, oo), and that, noting (1.2), the 
second conclusion in (3.4) is true for p G (1, r] D (1, oo). The general case is under our investigation. 
Note that the above can also be written as 

hsl[JLP^{Q;L'^{0,s;H))] CL^^(17;i^). (3.5) 

As a consequence of Theorem 3.1 and the Martingale Representation Theorem, our answer to 
Problem (R) is as follows: 

Corollary 3.4. If H is a Hilbert space, then for any p G [l,oo), one can find a constant C > 
such that for any ({■) G L^i^; L^{0,T; H)), there is a u(-) G L^{0,T; LP{n; H)) so that equahty 
(1.13) holds and 

II^(')IIl1(0,T;Lp(Q;H)) < C'IIC(-) llL^(f7;L2(0,T;H)) • (3-6) 

Remark 3.5. By point 2) in Remark 3.3, it is easy to see that the conclusion in Corollary 3.4 
holds also for adapted or optional or predictable stochastic processes. 

Corollary 3.4 shows the existence for the representation of Ito integrals by Lebesgue/Bochner in- 
tegrals. The proof of Corollary 3.4 follows easily from Theorem 3.1 by noting the well-known result 
that any Hilbert space has the Radon-Nikodym property (e.g., [7]) and using also the Burkholder- 
Davis-Gundy inequality for vector-valued stochastic processes (see [5, Theorem 5.4] and [16, Corol- 
lary 3.11]). The rest of this section is devoted to proving Theorems 3.1-3.2. 

In order to prove Theorems 3.1-3.2, besides Corollary 2.4, we need the following result concern- 
ing range inclusion for operators, which can be found in [19, Lemma 4.13, pp. 94-95 and Theorem 
4.15, p. 97], for example. 

Lemma 3.6. Suppose Bx and Bz are the open unit halls in Banach spaces X and Z , 
respectively. Let L : X ^ Z be a linear bounded operator whose range is denoted by TZ{L), and 
whose adjoint operator is denoted by L* : Z* ^ X* . Then, the following two conclusions hold 

(i) IfTZ{L) = Z, then there is a constant C > such that 

\\z*\\z' <C\\L*z*\\x', \/z*eZ*. (3.7) 
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(ii) If (3.7) holds for some constant C > 0, then 

BzCCL{Bx) = {CLx\xe Bx}. (3.8) 

Remark 3.7. 1) Clearly, by Lemma 3.6, we see that TZ{L) = Z if and only if (3.7) holds for 
some constant C > 0. But this lemma goes a little further than this. Indeed, the second conclusion 
of this lemma provides a "quantitative" characterization Bz C CL{Bx), which is more delicate 
than TZ{L) = Z. We shall use this result essentially when we answer Problem (C) in the next 
section; 

2) One should compare Lemma 3.6 with the following general range inclusion result (e.g., [13, 
Lemma 2.4 in Chap. 7]): Let X,Y and Z be Banach spaces with X being reflexive, and both 
F : y — 7- Z and G : X ^ Z he linear bounded operators. Then, 

\F*z*\y < C\G*z*\x*, Vz* G Z*, for some constant C > , 

^^ n{F) C n{G). ^ ' 

As shown in [1], the equivalence (3.9) may fail whenever X is not reflexive. Nevertheless, when F 
is surjective (in particular when Y = Z and F = I, the identity operator, the case considered in 
Lemma 3.6), this equivalence remains to be true (even without the reflexivity assumption for X) 
(see [20, Theorem 1.2 and Remark 1.3]). We refer to [21] for further range inclusion results. 

Further, we need the following property for Wiener integrals, a special case of Ito integrals with 
deterministic integrands (e.g., [12, Theorem 2.3.4 in Chapter 2, p. 11]). 

Lemma 3.8. For each < a < b <T and f G L'^ia, b) (for which f is a deterministic function, 
i.e., it does not depend on uj £ Q), the Wiener integral J^ f{t)dW{t) is a Gaussian random variable 
with mean and variance J |/(t)| dt. 

We are now in a position to prove Theorems 3.1-3.2. 

Proof of Theorem 3.1. It suffices to show (3.2). Since LI{{),s;LP{^;H)) C L^(J1; L1(0, s; if)) 
(algebraically and topologically) , the restriction of operator L^ : Lp(r2; L^{^, s; H)) — )■ Fjr {^', H) to 
Lp(0, s; LP{Q; H)) is a bounded linear operator from -Lj-(0, s; L^^fl; H)) to Ljr (fi; H) (For simplicity, 
we still denote it by L<j). By Conclusion (ii) in Lemma 3.6 and Corollary 2.4, by a simple scaling, 
we see that the desired result (3.2) is implied by the following: 

\\Kv\\L^(0,s;LP'(n;H')) ^ M L'';^(Q;H*y ^ "^ ^ 1^"^^^] H*). (3.10) 

In order to prove (3.10), let us first find the adjoint operator L* of Lg. For any u{-) G 
L\iS),s;LP{VL;H)), and r/ G Vj,^{9.;HY = L^^^{9.;H*), we have 



{]LsU,r]) =e( u{t)dt,r]] = / K(u{t),r]) dt 

\Jo J H,H* Jo ^ ' ^'H* 

E(u{t),E[r]\I't]] dt = {u,lL*r]), 

V / H,H* 



(3.11) 



which leads to 



L: : LP;^in;H*) ^ 4(0, s; LP(f); //))* = L^(0, s; LP'(fl;i/*)), ^^ ^^^ 

(L:r/)(t)=E[r/|J-i], tG[0,s], V r/ G Lj^(f); F*). 
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This gives a representation of the adjoint operator L* of L^. 
Now, we let p > 1. Making use of (3.12), we find that 



\Kv\ 



L^{0,s;LP'{n;H*)) 



sup E 
te[o,s] 



E[7]\J^t_ 



H* 



> 



E 



E[r] I J-; 



H* 



El 



lL^^(f7;H*)- 



Therefore, (3.10) holds for p > 1. 
Next, for ]5 = 1, we have that 



(3.13) 



\Kv\\L^{n;L^{0,s;H*)) = eSSSUp 

> esssup 



sup |E[r/| J"i]|/^. 
te[o,s] 



mv\J^s]\H-' =esssup|r/(a;)|//. = MIl^ ^q-h*)- 



(3.14) 



This implies that our conclusion also holds for p = 1. D 

Proof of Theorem 3.2. Noting (2.3), it suffices to prove Theorem 3.2 for r G (1, oo). We use the 
contradiction argument. Assume that 

lJlJ(0,s;LP(J1;F))) =L^^(f);F), for some p,r G (1, cx)). (3.15) 

Since L^(0, s; LP(fi; H)) C Lj.(0, s; LP(17; H)) C L^((^; L1(0, s; F)) (algebraically and topologically), 
the restriction of operator L^ : L^{^;L^{Q,s;H)) — )■ Vjr {VL:,H) to L^iO^s; LP{Q,; H)) is again a 
bounded linear operator from L^{0, s; 1/(0,; H)) to L^ {il; H) (For simplicity, we still denote it by 
L^). Similar to (3.12), the representation of the adjoint operator L* of Lg is given as follows: 



L: : lJ^(J];/7*) ^ Lj'(0,s;LP'([7;i/*)), 



(3.16) 



By (3.15), using the first conclusion in Lemma 3.6 and noting Corollary 2.4, we conclude that 
there exists a constant C > such that for any 77 G L-p (O; -?/*), it holds that 



I^IIl5;^(Q;H*) - ^ll^^^llLj'(0,s;LP'(n;/f*))' 



(3.17) 



where r' = r/{r — 1). 

Fix any xq G i:/^* satisfying Ixolii"* = 1 (which is independent of the time variable t and the 
sample point w). Consider a sequence of random variables {rjn}'^=i defined by 



Vn 



e"*dVF(t)xo, n G N. 
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It is obvious that ??„ G L^ {Q;H*) for any n G N. By Lemma 3.8, the integral / e'^^dW{t) is a 



Gaussian random variable with mean and variance 



E 



e"'dM/(t) 



2n 



n X - 



Hence, 



oo y(e- 



2ns 



1 TT 



-^dx 



oo /^2ns _ 1 \ p72 I |p' 



n 



I -J^ I ^2 

-e dx 



1 f°° . ,„' -^2 , \^ /e2"*-l 
xr e dx 

n 



Now, by (3.18), it is easy to see that 



\Vn\ 



L^^^in.H') 



E 



e"*dVF(t)xo 



E 



e"*dVF(t) 



2 \ P / 6' 



2ns _ -^ 



n 



Using (3.18) again, we have 



(3.18) 



(3.19) 



|E[r/„|J-i] 



lif (0,s;LP'{n;H*)) 



E 



e"^dVF(r)xo 



dt 



E 



e"^dVF(r: 



dt 



^ / xr e dx 



2nt 



n 



dt 



(3.20) 



In \ x/TT 



n \ y/TT 



oo 



e"'^'*dt 



< —^ —= / xr e "" dx 





ns 



{nr'Y 



From (3.19) and (3.20), it follows that 



lim — r;-^ < lim 



\Vn 



\L'';jn;H*) "^~(nr')^Ve2--l 



0. 



This, combined with (3.16), gives 

n— 5>oo f/n V , 

which contradicts inequality (3.17). This completes the proof of Theorem 3.2. 
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4 Answer to Problem (C) 

This section is addressed to give a positive answer to Problem (C). 

Theorem 3.1 tells us that any Ito integral / C{t)dW{t) with C(-) G L^{n;L'^{0,T; H)) ad- 
Jo 
mits a (parameterized) Bochner integral representation, i.e. we can find a representor u{-,s) G 

Lp(0, s; LPiyt; H)) (which is of course NOT unique) such that 



C{t)dW{t)= u{t,s)dt, VsG[0,r]. (4.1) 

Jo 

Put Z = L^{0,T;LP{Q;H)). We now show that one can choose a u{-,s), which is continuous in Z 
with respect to s, such that (4.1) holds. More precisely, we have the following result: 

Theorem 4.1. For any given ^(•) G L^(Q; L"^ {0,T; H)) , define a (set-valued) mapping F : 
[0,r]^2^ by 

F{s) = (r]{-,s) e Z I ri{t,s)dt= I C{t)dW{t), andr]{t,s) = 0,yt> s\, VsG[0,T]. (4.2) 

Then F has a continuous selection f. 

Remark 4.2. If we choose u{-,s) to be the above /(s), then u{-,s) is the desired process (for 
(4.1)), which is continuous in Z with respect to s. 

Before proving Theorem 4.1, we recall the following useful preliminary results. 

Lemma 4.3. Let X and Y be two topological spaces. Then, for any set-valued mapping 
(j) : X ^ 2 , the following two statements are equivalent: 



(i) The map (j) is lower semi-continuous, i.e., for any open subset V ofY, the set <x€zX (^(x)n 
y 7^ > is open in X; 

(ii) If X £ X, y £ 4>{x), and V is a neighborhood of y in Y , then there exists a neighborhood U 
of X in X such that for every x' £ U, there exists a y' £ (f){x') n V . 

Lemma 4.4. ([15, Theorem 3.2"]) The following properties of a Ti-space are equivalent: 

(i) X is paracompact (i.e., any open cover of X admits a locally finite open refinement, which 
is the case if X is compact or is a metric space); 

(ii) If Y is a Banach space, then every lower semi-continuous mapping F : X ^ 2 such that 
F{x) is a non-empty, closed, convex subset ofY for any x £ X, admits a continuous selection, i.e., 
there exists a continuous mapping f : X ^ Y such that f{x) £ F{x) for any x £ X . 

We can now give a proof of Theorem 4.1. 

Proof of Theorem 4-1- The main idea is to use Lemma 4.4. It is obviously that [0, T] is an 
Ti-space and is paracompact. Hence we need only to prove that F{s) is a non-empty, closed, convex 
subset of Z for any s £ [0,T] and F is lower semi-continuous. By Theorem 3.1, we see that F{s) 
is non-empty. Also, it is very easy to check that F{s) is a convex subset of Z and is closed in Z. 

It remains to show that F is lower semi-continuous. Fix any s £ [0, T], any ri{-,s) £ F{s), and 
any neighborhood V of ri{-, s) in Z. Clearly, there exists a 5 > such that 

Vi = {z{-)£Z\\\z{-)-v{;s)\\z<S}cV. 
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We claim that there exists an e > such that for any r satisfying |r — s| < e, it holds that 

F(r) n Fi / 0. (4.3) 

This claim will yield the lower semi-continuity of -F(-). To prove out claim, we first make use of 
the Burkholder-Davis-Gundy inequality for vector-valued stochastic process (see [5, Theorem 5.4] 
and [16, Corollary 3.11]) to get the following: 

eh 



E 



Q{t)dW{t) 



H 



< E 



sup 

r<h<s 



C{t)dwit) 



H 



< CE 



\amdt 



Choose an increasing sequence {rk}^i such that < ri < r2 < • • • < r^ < r^+i < 
C(-) G Lf{Q,;L'^{0,T;H)), by the Dominated Convergence Theorem, we have 



(4.4) 
s. Since 



hm E 



\m\iidt 



r-k 



Mm E 



Xlrk,s]\C{t)\Hdt 



0. 



Hence, 



limE 

r—^s 



\at)\j,dt 



2 



< lim E 



\m\Ut 



rk 



0. 



(4.5) 



Therefore, it follows from (4.4) that there exists an ei > such that for any < s — r < ei, the 
following holds 

5 



C{t)dW{t) 



< 



(4.6) 



LP^^{Q;H) 3 

On the other hand, by the Holder inequality and using the Dominated Convergence Theorem, 
similar to the proof of (4.5), we see that there exists an £2 > (may depend on s) such that for 
any < s — r < £2; it holds 



ri{t, s)dt 



L%{^;H) 



< 



h{t,s)\\Lv^^i^^.H)dt 



E|7?(t,s; 



IP 
\h 



dt<-. 



(4.7) 



Put £3 = min{ei,e2}- From (4.6)-(4.7) and noting that / rj{t,s)dt = / (^{t)dW{t), we conclude 

Jo Jo 

that for any r satisfies < s — r < £3, it holds that 



< 



ri{t,s)dt- / C{t)dW{t) 
Jo 



rj{t, s)dt — / r]{t, s)dt 
Jo 



L^^jn;H) 



L^^(Q;H) 



+ 



\{t)dw{t)- f at)dw{t) 

Jo 
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L^^jn.H) 3 ■ 



By the second conclusion in Theorem 3.1 and noting (4.8), we see that there is a 
Ll{0,r;LP{n;H)) such that \\(f>{-,r)\\Li(o,r;Lp{n;H)) < Y' ^"^^ 



(4.8) 



,r) G 



(l){t,r)dt= C{t)dW{t)- r]{t,s)dt. 
Jo Jo 

Put g{-,r) = X[o,r]'/'(";^) + X[o,r]^(") -s)- It is obvious that g{-,r) G F{r), and 



Vi-,s) - Qi-,r) 



< 



L^iO,s;LP{n,H)) 



E|^(t,.)r^ 



dt + 



'^''^)\\mO,r;LP{n;H)) 



<5. 



Therefore, for any < s — r < £3, it holds that Q{-,r) £ Vi, which gives (4.3). By a similar 
argument, one can show that there exists an £4 > such that (4.3) holds for any < r — s < £4. 
Choosing e = min{£3, £4}, we see that (4.3) holds for any |r — s| < £. By Lemma 4.3, we know that 
F : [0, T] — 7- Z is lower semi-continuous. 

Finally, thanks to Lemma 4.4, we conclude that there exists a continuous selection f oi F. D 
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5 Two Illustrative Applications 

In this section, we give two simple applications of our Theorems 3.1-3.2. More interesting and 
sophisticated applications will be presented in our forthcoming publications. 

5.1 Application to the controllability problem 

Consider a one-dimensional controlled stochastic differential equation: 

dx{t) = [bx{t) + u{t)]dt + adW{t), (5.1) 

with b and a being given constants. We say that system (5.1) is exactly controllable if for any xq G M 
and XT £ L^ (ri;R), there exists a control u{-) G L^{Q,;L^{0,T;'M.)) such that the corresponding 
solution x{-) satisfies x(0) = xq and x{T) = xt- By variation of constant formula, we have 

x(T) = e^^xo+ r e''^^-'^u{t)dt+ [^ e'^^-''^adW{t). 
Jo Jo 

Thus, exact controllability is equivalent to the following: 

^^ _ e^^xo - r e^(^-*VdH^(i) = f"" e'^^-'K{t)dt. (5.2) 

Jo Jo 

Since xt G L^^(il;M), there exists a unique ({■) G Lp(17; L^(0,r;M)) such that 

XT = ExT+ / C{t)dW{t). 
Jo 

Hence, to ensure (5.2), it suffices to have 

Ext - e'^xo + /'' [C(t) - e^(^"*V]dt^(t) = [^ e''^"'-'\{t)dt, 
Jo Jo 

which is guaranteed by Theorem 3.1. This means that (5.1) is exactly controllable. 

On the other hand, surprisingly, in virtue of [18, Theorem 3.1], it is clear that system (5.1) 
is NOT exactly controllable if one restricts to use admissible controls u{) in L|.($7; L^(0, T;R))! 
Moreover, by Theorem 3.2, we see that system (5.1) is NOT exactly controllable, either provided 
that one uses admissible controls u{-) in L|(ri; L'?(0,T;IR)) for any q G (l,oo]. This leads to a 
corrected formulation for the exact controllability of stochastic differential equations, as presented 
below. 

We consider the following linear stochastic differential equation: 

r dy{t) = [Ay{t) + Bu{t)]dt + [Cy{t) + Du{t)]dW{t), 0<t<T, 

< (5.3) 

i y(0) = yo G M", 

where A,C £ M"^" and B,D £ ^'"■xm (j^^^yi g j^^ g^^-g matrices. Various controllability issues for 
system (5.3) were studied, say, in [2, 3, 10, 18] and the references cited therein. Note however 
that, unlike the classical deterministic case, as far as we know, there exist no universally accepted 
notions for controllability in the stochastic setting so far. 

Motivated by the above observation, we introduce the following: 
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Definition 5.1. System (5.3) is said to be exactly controllable if for any yo G M" and yr G 

L^^(fl;IR"), there exists a control n(-) G L^(f^; Li(0,T;R™)) such that Du{-) G L^(J1; L2(0,T;R")) 
and the corresponding solution y(-) of (5.3) satisfies y{T) = yx- 

We need Du(-) G L^($7; L^(0, T;M")) in the above definition because it appears in the Ito 
integral / \Cy{t) + Du{t)]dW(t). It is clear that, for the controllability of deterministic linear 

^0 
(time-invariant) ordinal differential equations, there is no difference between the controllability by 

using L^ (in time) control and that by using L^ (or even analytic in time) control. However, our 

analysis above indicates that things are completely different in the stochastic setting. A detailed 

study of the controllability for system (5.3) (in the sense of Definition 5.1) seems to deviate the 

theme of this paper, and therefore we shall address this topic in our forthcoming works. 

5.2 Application to a Black-Scholes model 

Consider a Black-Scholes market model 

dXo{t) = rXo{t)dt, 

dX{t){t) = bX{t)dt + aX{t)dW{t), 

with r, b, a being constants. Under conditions of self-financing, and no transaction costs, the in- 
vestor's wealth process Y{-) satisfies the following equation: 

dY{t) = [rY{t) + {b- r)Z{t)\ dt + aZ{t)dW{t), (5.5) 

where Z{t) is the amount invested in the stock. For convenience, a European contingent claim 
with payoff at the maturity T being ^ G L^ (Q; R) is identified with ^. Any such a .^ is said to be 
repUcatable if there exists a trading strategy Z(-) such that for some Iq (the price of the contingent 
claim at t = 0), one has 

y(0) = Yo, Y{T) = C 

In another word, contingent claim ^ is replicatable if and only if the following backward stochastic 
differential equation (BSDE, for short) admits an adapted solution (!"(•), Z(-)): 

--[rY{t) + {b-r)Z{t)\dt + cjZ{t)dW{t), tG[0,r], 

In this case, Y{t) is a price of the contingent claim at time t. See [9] and [23] for some relevant 
presentations. Now, let us look at an extreme case, 

6-r>0, a = 0. (5.7) 

In this case, ^ is replicatable if and only if the following BSDE admits an adapted solution 

{Y{-),Z{.)): 

dY{t)= [rY{t) + {b-r)Z{t)]dt, tG [0,r], 

Y{T) = e 

Similar to the above subsection, we see that the above admits an adapted solution {Y{-),Z{-)), 
which means that ^ is replicatable. Further, since ^ is arbitrary, this also means that the market 
with conditions (5.7) is complete! This is a little surprising since o" = in the market model. Some 
further careful study along this line will be carried out in our future investigations. 
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